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Non-Gaussian Statistics of Atmospheric Turbulence
and Related Effects on Aircraft Loads
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Non-Gaussian statistical properties of turbulence in the inertial range can be characterized in terms of an
exponent (k) that defines the scaling of velocity increments together with a fractal dimension (D) that quantifies
“intermittency.” A new method of data analysis, for measuring k and D, is presented based on the collapsing of
appropriately normalized probability distributions measured at different scales. The method is illustrated by its
application to records of turbulence measured at low altitudes by a specially instrumented Gnat trainer aircraft.
The resulting “multifractal” statistical description of velocity increments is consistent with results obtained by
previous authors using a different method of analysis, based on the scaling of velocity structure functions, and with
the predictions of recent theoretical models of physical processes in the inertial range. It is demonstrated how the
results can be applied directly to the estimation of aircraft loads, using a new multifractal formulation of statistical-
discrete-gust theory. Qualitative differences between the resulting estimated loads and the loads predicted by the
statistical method prescribed in the current airworthiness regulations, the power-spectral-density method, are
identified.

I. Introduction

M EASURED wind fluctuations in the atmosphere exhibit a
high degree of unpredictability, leading to the need for statis-

tical methods to estimate associated aircraft loads. In current practice
there is widespread use of a method based on Gaussian random-
process theory, the power-spectral-density (PSD) method,1−3 to es-
timate structural loads and other response quantities. A feature of
this statistical approach is the assumption that, in terms of their
effects on aircraft loads, the most significant wind fluctuations lie
within the “inertial range” of scales, where the power spectral den-
sity is proportional approximately to (spatial frequency)−

5
3 .

On the other hand, evidence exists that turbulence can exhibit a
high degree of order, or structure, with turbulence velocities showing
significant deviations from Gaussian statistics. As was demonstrated
as early as 1972 by Chen,4 the validity of the basic equation, due
to Rice,5 used in the PSD method to predict the statistics of aircraft
loads depends heavily on the assumption that, at least in turbulence
patches of limited extent, the two-point difference

�u(y, L) = u(y + L/2) − u(y − L/2) (1)

of a velocity component u(y) over a distance L obeys approxi-
mately normal or Gaussian statistics. However, as illustrated by
Chen4 using measurements from four independent data sources,
even over patches of limited extent the probability distributions of
�u in inertial-range turbulence are typically strongly non-Gaussian,
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as indicated by strong tails with deviations from Gaussian statistics
quantified by large values of kurtosis.

Further evidence for the significance of the velocity difference
�u, Eq. (1), for aircraft loads is provided by the statistical-discrete-
gust (SDG) method6 of loads prediction, in which velocity differ-
ences are represented explicitly in the form of ramp gust components
covering a range of differencing intervals, or gust-gradient distances,
L , and non-Gaussian statistics are introduced in the form of distribu-
tions of exponential type to represent the velocity differences. This
method exploits the fact that, in the case of response quantities with
a high-pass property, that is, in which low frequencies in response
are strongly attenuated, it is changes in the magnitude of the input,
over an interval that “tunes” with the characteristics of response, that
cause significant response magnitudes, rather than the amplitudes
of the input itself.

As will be reviewed in Sec. II, non-Gaussian statistical properties
of turbulence in the inertial range can be characterized in terms of an
exponent (k), which defines the scaling of velocity increments, to-
gether with a fractal dimension (D) that quantifies “intermittency.”
As documented by Frisch,7 a further non-Gaussian property of tur-
bulence velocity increments is that of skewness, as reflected in odd-
order moments of the probability distribution. However, this paper
is concerned entirely with the statistics of the absolute value of
velocity increments and the related statistics of aircraft loads.

In Sec. III, a new method of data analysis is presented for mea-
suring k and D based on the collapsing, over limited ranges of
amplitude, of probability distributions of velocity increments mea-
sured at different scales. The amplitudes of velocity increments are
quantified by a nondimensional moment-order parameter p, result-
ing in measured functions k(p) and D(p). Over limited ranges of
amplitude, absolute values of velocity increments are represented
statistically by exponential distributions, each parameterized by a
single value of p. Over larger ranges of amplitudes, correspond-
ing to a range of values of p, the resulting distributions are of
stretched exponential type7 and can be defined as the envelope
of the local exponentials. The method is illustrated by its appli-
cation to records of turbulence measured at low altitudes by a spe-
cially instrumented Gnat trainer aircraft. The resulting p-dependent
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multifractal statistical description of velocity increments will be
shown to be consistent qualitatively with results obtained by pre-
vious authors using a different method of data analysis, based on
the scaling of velocity structure functions, and with the predictions
of a recent theoretical model of physical processes in the inertial
range. However, it will be demonstrated that the method of analysis
described here has the advantage, for aeronautical applications, of
exploiting the influence of k(p) and D(p) on the probability distri-
butions of the outputs of responding systems, where the “system”
may be either a data-processing filter or an aircraft structural load.
These results are achieved in terms of a new multifractal formulation
of statistical-discrete-gust (SDG) theory.6 By this means, the prob-
ability distributions of load amplitudes are related to an associated
multifractal distribution of velocity increments.

II. Scaling Exponents: Background
A. Introduction

Basic concepts in the theory of atmospheric turbulence were in-
troduced in two seminal papers published, respectively, in 1941 and
1962 by Kolmogorov,8,9 commonly referred to as the K41 and K62
papers. Both of these papers concern the probabilities of observ-
ing different possible values of �u, Eq. (1). In the K41 or classical
theory8 of high-Reynolds-number turbulence in the inertial range,
a scale symmetry is assumed in the form of global dilational invari-
ance, or self-similarity. In this classical theory, the power-spectral
density follows a (− 5

3 ) power law and the probability distribution
of the normalized difference �u(y, L)/Lk , Eq. (1), becomes inde-
pendent of L when the scaling exponent k takes the value 1

3 .
However, deficiencies in this “self-similar” model were discussed

in the K62 paper by Kolmogorov9 and also by Obukhov.10 Subse-
quently the kurtosis of two-point velocity differences in the inertial
range was shown experimentally11,12 not to be scale-invariant, as
required by the classical K41 theory, but to increase with decreas-
ing separation L . Large values of the kurtosis of velocity differences
imply the existence of relatively large differences embedded in fam-
ilies of small differences (regions of low turbulence activity). Thus
an associated result is that turbulence was found to be intermittent,
the intermittency being most pronounced at very small scales.7

To account for the observed intermittency, Mandelbrot (1974)13

and others (Frisch et al., 197814) introduced statistical models in
which singularities in velocity gradient are concentrated in sets, or
regions, having noninteger, or fractal, dimension D. In these models
fluctuations in �u(y, L), Eq. (1), are active only in sets of points
having fractal dimension D < 3, whereas for a Gaussian process
D = 3.

Subsequently, this representation was refined by the
introduction15−17 of nested sets where the strengths of the singu-
larities vary between sets, the so-called “multifractals.” On each
such set, the normalized velocity difference �u(y, L)/Lk becomes
independent of L when a value of the scaling exponent k is chosen
appropriate to that set, k being smaller for sets carrying fluctuations
of higher intensity. Results of laboratory measurements were shown
to be broadly consistent with such multifractal statistical models.17

Reviews of these topics, in the form that existed in 1991, were given
by Meneveau and Sreenivasan18 and by She et al.19

In 1988 a review was presented by Jones et al.20 of applications
of the above concepts made over the previous 10 years, at the (U.K.)
Royal Aircraft Establishment, to aircraft load prediction. There it
was shown, in particular, how loads predicted by the beta model of
Frisch et al.14 differed from those predicted by a self-similar model
consistent with Kolmogorov’s original (K41) theory.8

B. Scaling Exponents and Probability Distributions
One approach to the measurement of scaling exponents, first out-

lined in Ref. 20 and the basis of the new method of data analysis
to be described in Sec. III, involves the collapsing of appropriately
normalized probability distributions measured at different scales.
In this method, two-point velocity differences �u(y, L), Eq. (1),
are evaluated for different distances L . However, to make a valid
comparison of measurements of �u at different scales, allowance

must be made for the loss of information at the smallest scales aris-
ing from the sampled nature of measured data. In particular, the
two-point differences �u(y, L) associated with values of L on the
order of the sampling interval contain no contribution from fluctua-
tions of scale less than L (such high-frequency fluctuations having
been removed by analog antialiasing filters prior to sampling). To
achieve a valid comparison between small and large scales the data
are therefore smoothed numerically on each of the larger scales L
before differences are taken, so that contributions from scales less
than L are removed consistently. Subsequent analysis is thus based
upon the smoothed-difference function

�u(y, L) =
∫

H(x − y, L)�u(x, L) dx (2)

where the weighting factor H(x, L) is a smoothing function (low-
pass filter) that introduces a local average over a distance of order L .

Scaling properties of velocity differences are derived from mea-
sured local extreme values of �u(y, L), Eq. (2), with respect to y
at each of a set of prescribed values of scale L . Specifically, for
each such value of L , a cumulative distribution n(L , X) is defined
as the average number, per unit distance y, of local extrema in the
function �u(y, L) having magnitude greater than X . Scaling ex-
ponents are then introduced that enable n(L , X) to be expressed as
a scale-invariant function of X . Such distributions, and associated
scaling exponents, may be obtained for the absolute value of veloc-
ity increments, as is done in this paper, or for positive and negative
increments considered separately.

To express n(L , X) in scale-invariant form it is necessary to in-
troduce the fractal dimension D of one-dimensional intersections
of the flow field: in the fractal representation, L Dn(L , X) becomes
a scale-invariant function of X/Lk , where D and k are related ex-
ponents. D was related by Mandelbrot13 to the fractal dimension
D, which refers to properties of fluctuations in a three-dimensional
flow field, by the equation

D = D − 2 (3)

although recent work21 has questioned this simple relationship,
showing by a detailed analysis of measured turbulence data that
significant departures from this equation can arise as a consequence
of nonfractal inclusions in an otherwise fractal background struc-
ture.

Frisch7 refers to experimental evidence11,22,23 that the tails of
probability distributions of velocity increments in turbulence de-
cay in a roughly exponential manner. Further support for the use
of exponential distributions as applied to turbulence velocity dif-
ferences and derivatives is provided by Narasimha.24 Assuming an
exponential model, the dependence of L Dn(L , X) on X/Lk takes
the form

L D[n(L , X)] = α exp(−X/βLk) (4)

In a preliminary analysis20 of a subset of the measurements ana-
lyzed in this article, plots of L Dn(L , X) as functions of X/Lk were
presented for selected individual runs. These showed that, except at
the lowest fluctuation amplitudes, as compared with a self-similar
model with D = 1 and k = 1

3 (which would be consistent with the
Kolmogorov K41 theory8), improved overall fits to the data were
achieved with empirically determined values with D < 1 and k < 1

3 .
Subsequent analysis25 of a larger data set showed that different pairs
of values of D and k caused L Dn(L , X) to become a scale-invariant
function of X/Lk over different ranges of amplitude.

To provide a rigorous quantitative basis for this qualitative trend,
it is shown in Sec. III how an independent nondimensional measure
of fluctuation amplitude can be defined in the form of a moment-
order parameter p and amplitude-dependent exponents D(p) and
k(p) derived from measured probability distributions in the form of
functions of p.
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Fig. 1 Structure-function scaling exponent ζp. Based on the Legendre
transformation, each tangent, parameterized by p, is specified by a slope
k(p) and an intercept determined by D(p). ζp is the envelope of these
tangents.

C. Scaling Exponents and Structure Functions
In contrast to the derivation of scaling exponents from measured

probability distributions, outlined above, most previous work on
scaling exponents, both experimental and theoretical, has been based
on the so-called “structure functions,” which define the moments of
velocity differences, Eq. (1). The structure function of order p is
defined, in the terminology of Eq. (1), by

Sp(L) = 〈(�u(L))p〉 (5)

(where the variable y has been dropped to ease notation).
In the case of the Kolmogorov K41 theory,8 in which the scaling

exponent for velocity differences is given by k = 1
3 , it follows that

Sp(L) ∝ L p/3. More generally, experimental work on intermittency
in the inertial range7 suggested that structure functions follow power
laws of the form

Sp(L) ∝ Lζp (6)

where the ζp are called the exponents of structure functions.
Thus in the K41 theory ζp = p/3. In the case of the beta
model of Frisch et al.14 the exponents take the theoretical value
ζp = p/3 + (3 − D)(1 − p/3), reducing to the K41 value when the
fractal dimension D = 3.

Experimental results,12,26 however, showed ζp to be a nonlin-
ear function of p, concave downward as illustrated qualitatively in
Fig. 1. This led Parisi and Frisch15 to develop the multifractal model,
in which the turbulent flow is assumed to possess a continuous range
of scaling exponents k, with each value of which a fractal dimen-
sion D(k) is associated. As described in Ref. 7, the structure function
Sp(L) may then be expressed as an integral over the range of scal-
ing exponents. Application of the approximate method of steepest
descent then allows7 a model defined in terms of the set of measured
structure function exponents ζp to be interpreted as a multifractal
model through a relationship, illustrated in Fig. 1, in which, for each
value of p, k is given by the slope of the tangent to the curve ζp(p)
and D [assumed to be related to D through Eq. (3)] is defined by the
offset of this tangent from a parallel line through the origin. As ex-
plained in Ref. 7 this relationship between the dimension D, k, and
the exponents ζp may be derived from a Legendre transformation.

In 1991 She et al.19 presented a review of results on homoge-
neous turbulence, both experimental and theoretical, covering the
period from the Kolmogorov K41 theory8 to the subsequent mul-
tifractal theories.15−17 Subsequently, considerable effort has been
directed to explaining the nonlinear dependence of ζp on p and
associated variations in the functions k(p) and D(p), illustrated
qualitatively in Fig. 1, in terms of theoretical models and the un-
derlying physics.27−34 In particular, She and Leveque28 proposed a
phenomenological model in which the statistical picture of multi-
fractal turbulence is reconciled with a geometric picture based on
vortex filaments. This model predicted a specific form for the ζp(p)
curve illustrated in Fig. 1:

ζp = p/9 + 2 − 2
(

2
3

)p/3
(7)

Fig. 2 Scaling exponents k(p) and D(p) from model of She and
Leveque,28 Eq. (7). Circled points correspond to p = 0, 4, 6, and 8. Also
shown is data point D = 1, k = 1

3 , corresponding to K41 model.

which was shown28 to be in very good agreement with experimen-
tal values obtained for longitudinal structure functions. Using the
relationship illustrated in Fig. 1, Eq. (7) implies a D(k) relationship
(Fig. 2) in which D( 1

3 ) = 0.97, D(0.381) = 1, and kmin = 1
9 .

III. Scaling Exponents: New Method of Data Analysis
Although most previous measured estimates of the multifractal

scaling exponents k(p) and D(p) have been derived indirectly from
measured structure-function exponents via the Legendre transfor-
mation, as illustrated in Fig. 1, the possibility was referred to by
Frisch7 of measuring these exponents directly in terms of the proba-
bility density function of velocity increments. In this context Frisch
introduced7 a probabilistic reformulation of the multifractal model
which avoids the assumption, adopted in the original multifractal
model as defined by Parisi and Frisch,15 that D(p) is the fractal di-
mension of a singular set and has, moreover, the further advantage
of allowing exponents for positive and negative velocity increments
to be measured independently. For our purposes, as we shall demon-
strate, this approach has the added advantage of providing a direct
bridge to the probability distributions of aircraft loads, in a form
with which loads engineers are familiar.

Suppose that fluctuations in �u(y, L) of amplitude X have a
probability density function f (X), whose pth moment is given by∫

f (X)X p dX . Let X p denote the amplitude at which f (X) makes
its greatest contribution to the pth moment, i.e., at which the product
f (X)X p is greatest. The resulting stationarity condition

X p = −p[ f (X)/ f ′(X)]X p (8)

provides a means of labeling the amplitude in terms of p.
In terms of the measured number n(L , X), per unit distance y,

of local extrema in �u(y, L) having magnitude greater than X , we
make the assumption that an exponential model of the form

n(X) = a exp(−X/b) (9)

can be fitted locally, over limited ranges of amplitude X . Thus we
assume that a and b, in Eq. (9), vary sufficiently slowly with X so that
they may be regarded as constants within each local range. Although
in this paper the method is applied to the absolute values of extrema
in �u(y, L), it is equally applicable when extrema corresponding to
positive and negative velocity increments are modeled as separate
families.

An advantage of the exponential model, Eq. (9), is that moments
of all orders exist. Using Eq. (8), it is shown in the Appendix
that the excess rate n(X), modeled by Eq. (9), can be expressed
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a)

b)

Fig. 3 Basis of method used to derive D(p) and k(p): a) illustration
of independent variables p, a, and b and b) illustration of scale invari-
ance over range of amplitudes centered on a value making maximum
contribution to the pth moment.

parametrically in terms of the associated moment order p by the
pair of equations

n(X) = a exp(−p) (10)

X = bp (11)

For the purpose of deriving amplitude-dependent scaling exponents
from �u(y, L), the significance of the preceding implicit form for
the relationship between n(X) and X is that the amplitude variable
p is independent of a and b. This is illustrated in a straight-line plot
(Fig. 3a) of log n(X) against X , in which changes in a, for fixed
b, cause a vertical translation of the line, whereas changes in b, for
fixed a, cause a rotation about a fixed pivot at X = 0 associated with
a stretch of the horizontal axis. Both of these transformations leave
the value of p (illustrated) unaltered.

Thus, generalizing Eqs. (10) and (11), the monofractal model
defined by Eq. (4) can be expressed parametrically, using p as an
independent variable, as follows:

L Dn(L , X) = α exp(−p) (12)

X/Lk = βp (13)

However, although these equations can be fitted to the data over a
wide range of amplitudes if the data are monofractal, in the mul-
tifractal model they can be fitted only over limited ranges of am-
plitude, as defined by ranges of p. Over each such limited range,
Eqs. (12) and (13) can be fitted locally, but D, k, α, and β now all
become functions of p (as defined by its value at the center of the
respective range).

Thus, assuming the exponential form for the cumulative distribu-
tion of measured excess rates n(L , X) over each such local ampli-
tude range, centered on a prescribed value of p, multifractal scale
invariance of �u(y, L) implies that, for different values of the scale

L , the relationship between n(L , X) and X can be expressed in
terms of the scaling equations

L D(p)n(L , X) = α(p) exp(−p) (14)

X/Lk(p) = β(p)p (15)

In terms of a log-linear plot, the result of scaling is that line seg-
ments corresponding to the local fitting of the exponential model are
translated vertically, by the factor L D(p), and rotated, by the factor
Lk(p), to lie, as illustrated schematically in Fig. 3b, on a segment of
a scale-independent line defined by intercept log[α(p)] and slope
[−1/β(p)]. Examples of the collapse of curves, as illustrated in
Fig. 3b, to segments of common straight lines over local ranges of
amplitude, parameterized by p, are illustrated for measured data in
Fig. 4. Repeating the process for a sequence of values of p, scaling
exponents D and k are obtained as functions of p.

IV. Application to Low-Altitude Turbulence Data
A. Data Selection and Preprocessing

In the following, the method of data analysis is applied to mea-
surements from a specially instrumented Gnat trainer aircraft fly-
ing at altitudes between approximately 1000 and 250 ft (300 and
75 m) over a variety of types of terrain. The turbulence measure-
ment program35,36 resulted in a total of approximately 400 runs, in
the form of segments of flight records covering periods from 60
to 90 s. A wide range of wind conditions and conditions of terrain
roughness was covered.

The three measured components of turbulence are referenced with
respect to an aircraft body axis system, and are denoted by ug (head),
vg (side), and wg (normal). Although they are not components in
Earth axes, in practice the restriction to a straight track, the fairly
small pitch attitudes reached in the turbulence-measuring runs and
the pilot’s efforts to keep the wings level mean that the normal com-
ponent, wg , is very nearly the same as the vertical component. The
x direction, in body axes, is along the aircraft forward path and
the turbulence field is traversed at the aircraft flight speed, typically
180 m/s. Although the turbulence fluctuations are measured as func-
tions of time, for analysis purposes they are converted to functions
of position in space, assuming the standard frozen-field (Taylor) hy-
pothesis and using the mean aircraft forward speed for the run in
question.

To provide one basis for the classification of the measured
turbulence time histories, power-spectral densities of individual tur-
bulence components were measured. Typical examples are shown
in Fig. 5, where measured power-spectral densities for the two hor-
izontal components of turbulence velocity from one particular run
are illustrated, plotted on log–log axes. The two components are re-
spectively ug (head-on), based on data from a miniature pitot sensor,
and vg (lateral), based on data from a Conrad yawmeter.

Two types of analysis have been used to estimate the power-
spectral densities. The continuous curves in Fig. 5 correspond to
estimates from a fast Fourier transform algorithm. The discrete
symbols, at octave separation, correspond to broadband spectral
estimates derived from a bandpass filter based on the smoothed-
difference function, Eq. (2). This method has the advantage of al-
lowing the spectral estimates to be associated with the differencing
interval L used in the calculation of velocity increments, using the re-
lationship (wavenumber)−1 = wavelength = 2L . Straight lines have
been fitted, in Fig. 5, to four broadband estimates at octave inter-
vals over the range indicated on the horizontal axis, limited at large
wavenumbers by instrument cutoff. In terms of frequency, the fitted
range is from 2 to 16 Hz. The wavenumber range depends on the
flight speed but typically corresponds to wavelengths between 100
and 10 m. The slopes of the straight lines fitted to the measured
data illustrated in Fig. 5 confirm that, for this particular run, the
power-spectral densities of the horizontal components both follow
a (wavenumber)−

5
3 power law, consistent with the classical theory

(Kolmogorov8) for the inertial range. Departures of the spectral esti-
mates from the fitted lines at small wave numbers (as in Fig. 5) allow
the limit of the inertial range to be estimated. These indicate that the
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a)

b)

c)

Fig. 4 Amplitude ranges exhibiting scale invariance, corresponding to
scaling exponents a) k = 0.375, D = 1; b) k = 0.30, D = 0.8; and c) k = 0.20,
D = 0.5. High-intermittency block (H). Lateral component of turbulence
velocity.

a)

b)
Fig. 5 Examples of power-spectral densities for the two measured hor-
izontal components of turbulence velocity from one particular run: a) ug
(head-on) component and b) vg (side or lateral) component. The discrete
symbols represent broadband estimates. Their departure from the (− 5

3 )
line allows the limit of the inertial range to be estimated.

limit of the inertial range was in some cases being approached at
a wavelength of 128 m (differencing interval L = 64 m). Although
there is considerable scatter in the estimates of this limit, there is
evidence37 that it increases with altitude. For the lateral component,
the mean value of this limit for flights over the smoother terrains
is approximately equal to the altitude. Over the rougher terrains it
tends to be somewhat larger.

Although measurements from the vertical component of turbu-
lence were used for purposes of data classification (see later), over
the range of scales for which it was possible to measure scaling
exponents, the associated measured spectral exponents exhibited
departures from the value of (− 5

3 ), which effectively disqualified
this component as adequately representative of inertial-range turbu-
lence. Measured scaling exponents are thus presented subsequently
(Sec. IV.B) for the lateral component only.

For purposes of statistical analysis, measurements from runs with
similar properties have been merged to form data blocks within
each of which the variability is constrained. A compromise had to
be made in that it was desired to make the data blocks as large
as possible, in order to improve statistical reliability, while at the
same time restricting the variability within each block. Specifically,
within each chosen block: 1) the measured power-spectral exponent
for the lateral component is close to (− 5

3 ); 2) the measured power-
spectral exponent corresponding to the normal (vertical) component
also lies within a limited range [but not necessarily close to (− 5

3 )];
3) the average intensities of the runs, as measured by the parameter
β, Eq. (4), fitted over a range of amplitudes of between one and four
standard deviations of the smoothed difference function �u(y, L),
Eq. (2), are similar; and 4) the runs are also similar in terms of
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the parameter α, Eq. (4), again fitted over a range of amplitudes of
between one and four standard deviations of the smoothed difference
function �u(y, L).

The dimensionless constant α has the property that α/L is the av-
erage population density, at scale L , of fluctuations in the smoothed
difference function �u(y, L). Reference 35 illustrates turbulence
measurement runs with small values of α, which exhibit regions
of relative quiescence punctuated intermittently by sudden severe
fluctuations, and runs with large values of α, which are of a very
regular or continuous nature. α may thus be regarded as an inverse
measure of average intermittency. Three blocks of data were cre-
ated, corresponding, respectively, to low (L), medium (M), and high
(H) levels of average intermittency.

Because the mean aircraft speed varies from run to run, the sam-
pling interval of the measured data, which corresponds to a fixed
time increment, does not transform to a fixed distance in space. In
order to achieve a common spatial sampling interval for runs within
a data block the measured turbulence components were resampled
to a fixed interval in space. Studies to choose an appropriate re-
sampling rate showed that the shortest spatial sampling interval that
could be achieved without degrading the quality of the measure-
ments was 2 m. The smallest differencing interval L included in the
study of two-point differences, which correspond to four sampling
intervals, is thus 8 m for the resampled data (although values as
small as 5 m were obtained for some individual unresampled runs
where the aircraft speed was low).

The largest differencing interval L included in the study of two-
point differences was constrained such that, for the lateral compo-
nent of turbulence velocity, the associated broadband spectral es-
timate remained close to the (− 5

3 ) fitted line (Fig. 5). As already
indicated, departures below this line sometimes occurred at a wave-
length of 128 m (L = 64 m). For the purpose of extracting reliable
scaling exponents, the analysis of resampled data was thus restricted
to values of L of 8, 16, and 32 m.

B. Results for the Lateral Component
In the case of the lateral component of turbulence velocity, the

power-spectral density for each selected run followed the (− 5
3 ) scal-

ing law closely over the range of scales to which the following anal-
ysis was applied. For all three data blocks, described in Sec. IV.A,
the scaling exponents k and D derived from measured absolute val-
ues of velocity increments decrease monotonically (Fig. 6) with
increasing values of the moment parameter p (Sec. III). The great-
est variations in the scaling exponents k and D are exhibited by
the high-intermittency block (Fig. 6c), where, with increasing p,
k decreases from 0.375 to approximately 0.2 and D reduces from
1 [D = 3; Eq. (3)] to approximately 0.5 (D = 2.5). Such variation
is consistent with values that have been derived previously from
measurements of structure-function exponents,7,18 as described in
Sec. II.C. Similar trends are exhibited by the data in blocks M and L.
Each plot in Fig. 6 contains a data point corresponding to the classi-
cal Kolmogorov8 theoretical value for the scaling exponents: k = 1

3
and D = 1. Particularly in the case of the high-intermittency block,
this point can be seen to be offset from the measured (k, D) curve.
In this, and with respect to the overall trend in the (D, k) relation-
ship, there is good qualitative agreement with the theoretical model
of She and Leveque28 (Fig. 2). It should be noted, however, that the
results in Fig. 6 apply to transverse (lateral) velocity increments,
whereas the theoretical model illustrated in Fig. 2 is applicable to
homogeneous and isotropic turbulence and, moreover, was derived
for longitudinal velocity increments (Sec. II.C).

For the high-intermittency block (H), Fig. 4 illustrates ranges of
fluctuation amplitude over which particular pairs of scaling expo-
nents (k, D) determine approximate scale invariance. Results cor-
respond to increment intervals L = 8, 16, and 32 m. In Fig. 4a the
scaling indices k = 0.375, D = 1, corresponding to low intensity
(p = 0) in Fig. 6c, have been used in a plot of log [L Dn(L , X)]
against X/Lk . It can be seen that the measured cumulative distri-
butions collapse locally very well to a universal curve, demonstrat-
ing scale invariance, at the lowest amplitudes but fan out at higher
amplitudes.

a)

b)

c)

Fig. 6 Measured scaling exponents D and k from absolute values of
velocity increments in measured lateral component of turbulence: a) low
(L)-, b) medium (M)-, and c) high (H)-intermittency blocks. The isolated
data points (k = 1/3, D = 1) correspond to the scaling in Kolmogorov’s
K41 theory, which is also the scaling implicit for the inertial range in
the PSD statistical method of gust-load prediction.

In contrast, Figs. 4b and 4c show the same cumulative distribu-
tions scaled using exponents k = 0.3, D = 0.8 and k = 0.2, D = 0.5,
respectively. It can be seen that, as k and D are reduced, following
the trend with increasing p shown in Fig. 6c, the range of approxi-
mate scale invariance moves to higher amplitudes.

Although the results illustrated in Fig. 6 relate to measured severe
turbulence, the levels of intensity encountered were still well below
those that cause the structural loads to approach the levels that air-
craft are designed to withstand. To estimate an appropriate value
of the scaling exponent k for use in design criteria it is necessary
to extrapolate to lower levels of probability, and thus to larger val-
ues of the parameter p. Although such extrapolation is an uncertain
process, it is reasonable, on the basis of the experimental results in
Fig. 6, to constrain the design-level value of k to the range 0.2 to 0.1,
the value k = 1

6 being a reasonable compromise. It should be noted
that a value of k = 1

6 has been proposed previously6 as appropriate
for representing severe-to-extreme gusts. Some implications of such
a choice are evaluated in Sec. VI.

V. Multifractal Statistical-Discrete-Gust Model
In the following, starting from an existing monofractal version

of the statistical-discrete-gust (SDG) model, described in Ref. 6,
it is shown how the measured scaling exponents D(p) and k(p)
may be incorporated into a method for estimating the associated
turbulence-induced aircraft loads.
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A. Monofractal Model
In the monofractal SDG model,6 localized wind fluctuations in

the inertial range are represented as ramp-shaped velocity incre-
ments (ramp gusts), embedded in regions either of constant velocity
or of gradual decay over distances on the order of the inertial scale.
Following the format of traditional turbulence models used for the
prediction of aircraft loads1−3 and prescribed in the current manda-
tory airworthiness requirements,38 the model is one-dimensional.
For instance, for the estimation of normal acceleration at the air-
craft center of gravity (c.g.), and related structural loads associated
with wing bending, only fluctuations in the vertical component of
turbulence along the direction of the flight path are taken into ac-
count, this component being assumed to be constant in the transverse
direction across the wing span. An analogous assumption is made
with respect to the lateral component of turbulence, for the purpose
of calculating fin loads. In terms of three-dimensional structures, it
is in effect assumed that the velocity increments having the most
relevance to structural loads arise as penetrations of shear layers, or
sheets, whose thickness is on the order of the incremental distance,
or gust-gradient distance, and where the axis of penetration is close
to normal to the sheet.

The statistical model comprises an ensemble of such ramp gusts,
covering a range of ramp lengths, or gradient distances, H , and
having associated amplitudes, that is, two-point velocity differences,
w. In its general form6 the model is formulated to take account of
both individual ramp gusts and of patterns comprising clustered
sequences of such ramps; however, in this paper only the former
case is considered. This is sufficient for predicting the response of
well-damped systems whose response to an isolated ramp contains
just a single peak of significant amplitude. It is relevant to the data-
analysis method described in Sec. III that the requirement to have
just a single peak of significant amplitude is satisfied by the output of
the system defined by the data-processing filter, �u(y, L), Eq. (2).

For any system, such as an aircraft load or the data-processing
filter �u(y, L), a response function γ (H) is defined6 to be the
magnitude of the maximum peak response to a ramp gust of gra-
dient distance H and amplitude w = H k , where k is the prescribed
(monofractal) velocity-difference scaling exponent. By varying H ,
the tuned gradient distance H = H̄ corresponding to a stationary
maximum value γ (H̄) (the tuned response) is obtained. In the
monofractal model it is further assumed that, for any given value of
ramp length H , the probability distribution for w takes the form of
an exponential.

Thus, assuming the ensemble of ramp gusts to be characterized by
a single fractal dimension D in association with the scaling exponent
k (Sec. II.B), the average rate of occurrence n(X) of system response
peaks greater than or equal to X is given6 by

n(X) =
∫ Hmax

0

a(H)

H 2
exp

[
− X

bγ (H)

]
dH (16)

where a(H) ≈ H 1−D . Applying Laplace’s asymptotic method, the
integral in Eq. (16) may be evaluated approximately to give6

(H̄)Dn(X) = α exp[−X/βγ (H̄)] (17)

To expose the scaling relationships inherent in Eq. (17) more clearly,
we introduce a first-order approximation that neglects the change
in the tuned gradient distance H̄ that in general occurs when the
scaling exponent k is varied, simply rescaling the amplitude of the
tuned gust pattern and the amplitude of the associated response.
Equation (17) then takes the approximate form

(H̄0)
Dn(X) = α exp

{−X
/[

β · (H̄0)
k − 1

3 γ0(H̄0)
]}

(18)

where H̄0 and γ0 refer to a datum case evaluated for the Kolmogorov
model with D = 1 and k = 1

3 . In the case where the system is the
smoothing-and-differencing filter introduced in Sec. II.B, Eq. (18)
may be identified with Eq. (4), where H̄0 = L and γ0(H̄0) = L

1
3 .

Fig. 7 Multifractal SDG model for system response based on Eq. (19).
Each tangent, which corresponds to a monofractal component param-
eterized by p, is specified by its slope k(p) and intercept determined by
D(p). Compare Fig. 1.

B. Multifractal Model
The monofractal SDG model, as outlined above, employs a par-

ticular pair of scaling exponents k, D, which are chosen according to
the fluctuation intensity that it is required to represent. In particular,
k = 1

3 has been recommended previously6 as a practicable value for
predicting aircraft response in turbulence of low to average intensity,
whereas a value of k = 1

6 has been proposed6 as more appropriate for
representing the more extreme gusts. These values may be seen to
be consistent with the results of measurements described in Sec. IV.
The multifractal formulation of the SDG model, on the other hand,
comprises a collection of monofractal models, parameterized in the
form k(p), D(p) by the moment-order variable p, which represents
“intensity.” It thus takes into account all fluctuation intensities from
low amplitude to extreme, and hence all scaling exponents k in the
range 1

3 to 1
6 (or even lower values).

Equation (18) is then applied separately to each monofractal com-
ponent of the model, where now α, β, k, and D are all functions of p:

(H̄0)
D(p)n(X) = α(p) exp

{−X
/[

β(p) · (H̄0)
k(p)− 1

3 γ0(H̄0)
]}

(19)

In this paper it has been shown (Secs. III and IV), how such a mul-
tifractal representation can be fitted to measured data and Fig. 6
shows examples of the measured functions k(p) and D(p). Also
measured (but not illustrated) were the functions α(p) and β(p). It
may be noted that the functions α(p) and β(p) define the shape of
a datum distribution corresponding to the particular scale (H̄0) = 1.

For any chosen value of p, corresponding to a particular
monofractal model having an exponential distribution, a plot of
Eq. (19) using log-linear axes {i.e., log[n(X)] against X} results
in a straight line (Fig. 7) whose intercept with the vertical axis de-
pends upon D and whose slope depends on k. Variation of p leads
to a family of such lines whose envelope, having the shape of a
stretched exponential, represents the distribution of excess, n(X),
for the multifractal SDG model for system response.

For practical applications of the multifractal SDG model to cal-
culate system response, it is sufficient to approximate the envelope
n(X) (Fig. 7) by just a limited number of tangents specified by asso-
ciated values of p. For any value of X , each monofractal component,
Eq. (19), is evaluated and the maximum of the resulting values of
n(x) is then the output of the multifractal model.

C. Relationship to Structure Functions
As described in Sec. II.C, the multifractal model of turbulence

may be related to the structure-function exponent ζp , where p is
the moment-order parameter. Indeed, the multifractal scaling expo-
nents k(p) and D(p) have in the past usually been derived by first
measuring the function ζp and then using further data processing
based on relationships illustrated in Fig. 1. As illustrated in Fig. 1,
ζp may be defined as an envelope of tangents, exactly as is the case
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for n(X) (Fig. 7). For any specified value of p, say p̄, the associated
tangent is given7 by the linear equation

ζp = pk( p̄) + 1 − D( p̄) (20)

Given the multifractal scaling exponents k(p) and D(p), just as
the multifractal system-response distribution n(X) (Fig. 7) can be
generated as an envelope of tangents given by Eq. (19), so the mul-
tifractal structure-function exponent ζp (Fig. 1) can be generated as
an envelope of tangents given by Eq. (20). In each case the slope of
the tangent is determined by k and the intercept is determined by D.
It can be seen from the analysis based on Eqs. (19) and (20) that the
scaling exponents k(p) and D(p) provide a one-to-one mapping
between the two sets of tangents illustrated in Figs. 1 and 7 and
hence between ζp and n(X).

In the situation where the system is the data-processing filter de-
fined, for a particular value of L , by Eq. (2), the tangent shown in
Fig. 7 may be identified with the common tangent to the curves,
representing a range of values of L , in Fig. 3b. In Fig. 3b the effects
of k(p) and D(p) on the tangent slope and intercept, illustrated in
Fig. 7, have been absorbed by the respective scaling of the n(X) and
X axes.

VI. Relevance of Results to Existing Models
for Predicting Aircraft Loads

The earliest reference in the aeronautical literature to the proper-
ties of turbulence in the inertial range discussed in this paper, and
their relevance to the statistics of aircraft response, is that of Chen.4

Chen used four independent data sources: High Altitude Clear
Air Turbulence (HICAT), Severe Storm Turbulence (SEST), Bar-
bados Oceanographic and Meteorological Experiment (BOMEX),
and Wind Tunnel Turbulence (WITT). In all four cases the proba-
bility distribution of velocity increments showed the characteristic
stretched exponential form, with kurtosis significantly greater than
that of a Gaussian distribution. Chen4 went on to use these results to
highlight the limitations of the traditional statistical approach to the
prediction of aircraft dynamic loads in atmospheric turbulence,1−3

the power-spectral-density (PSD) method. For application to the
inertial range, this method is based mathematically1 on the sim-
plifying assumption that, at least over patches of limited extent,
turbulence can be represented as a stationary Gaussian process hav-
ing a power-spectral density that follows the classical (− 5

3 ) power
law and velocity increments that follow a ( 1

3 ) scaling law. Although
it is now widely accepted that turbulence velocity is in fact a non-
Gaussian process, the method continues to be used, in particular
for relating the loads on one aircraft to the loads on another with
differing dynamic response, and for relating the loads at different
stations on the same aircraft.

The non-Gaussian structure exhibited by measured turbulence-
velocity records influences aircraft loads primarily via the statistics
of velocity increments. As illustrated by Chen,4 and confirmed by
the results presented in this paper, turbulence-velocity increments
have strong-tailed probability distributions of exponential, rather
than Gaussian, form. The tails of these exponential-type distribu-
tions stand out well beyond the tails of a Gaussian distribution,
resulting in much higher predicted probabilities of events at, for ex-
ample, five or six times the root-mean-square (rms) amplitude. This
property does not in itself necessarily produce errors in the PSD
method of load prediction, as it has been shown1 that exponential
tails can be reproduced by the expedient of modeling turbulence as
a sequence of Gaussian patches whose rms itself follows a specified
distribution. In the past, this result has sometimes been quoted2 as
a means by which the PSD method can deal with the non-Gaussian
structure of turbulence. However, the more significant aspect of non-
Gaussian turbulence which influences aircraft response predictions
is not that the tails of the distributions of velocity increments are
exponential but rather that the strengths of the tails vary with gradi-
ent distance, the strength increasing as gradient distance is reduced.
As a result, for small values of the gradient distance H the PSD
method, in which the shape of the distribution is assumed to be in-
dependent of H , tends to underestimate the magnitude of velocity
increments at the tails of the distribution, whereas for large values

of H it tends to overestimate them. In turn, this influences aircraft
loads via related response modes which tune to different values of
H . Specifically, loads predicted by the PSD method that depend
on response modes that tune to large gradient distances tend to be
conservative. Conversely, loads that depend on response modes that
tune to short gradient distances tend to be underestimated.

Quantitatively, these trends result from the fact that whereas the
PSD method assumes implicitly that the amplitudes of velocity in-
crements in the inertial range scale like “one-third,” for the more
severe turbulence fluctuations the increasing strengths of the tails
on the distributions, with reducing scale, imply a scaling exponent
k of less than one-third.

A simple response quantity that can be used to illustrate the effect
of the scaling exponent k is �n, the normal acceleration at the c.g.
Under the simplifying assumption that the aircraft is constrained to
respond in vertical translation only, with no pitching, it is shown
in Ref. 20 that, in response to vertical gusts, �n is proportional to
V/[(W/S)/ρga]1 − k , where W/S is the wing loading, a is the lift-
curve slope, ρ is air density, and g is acceleration due to gravity.
Suppose now that two gust models, one with a value of the scaling
exponent k equal to one-sixth (representing non-Gaussian severe
turbulence) and the other with k equal to one-third (representing
Gaussian turbulence, as in the PSD method) are matched in overall
intensity to give equal magnitudes of �n for some aircraft with
intermediate wing loading W/S. Then, if we consider a family of
aircraft with differing wing loadings, it follows from the preceding
scaling expression for �n that, relative to the non-Gaussian model of
severe turbulence, the PSD method will predict conservative values
of �n for those aircraft, such as heavy jet transports, with large
values of W/S and, conversely, will tend to underestimate �n for
light aircraft with small values of W/S. Moreover, this result has
direct implications for structural loads because, for example, root-
wing-bending loads due to vertical gusts follow closely the trends
in the response in normal acceleration at the c.g.

A further example of the practical effect of employing a gust
model that incorporates non-Gaussian scaling of large-amplitude
fluctuations in severe turbulence has been described in Ref. 39.
Here, for a particular class of (turboprop) aircraft, lateral gust loads
on the tail (such as fin bending), which depend dynamically on re-
sponse in the relatively low-frequency Dutch-roll mode and hence
on increments in the lateral component of gust velocity over rela-
tively long gradient distances, are compared with vertical gust loads
on the wing (such as wing bending), which typically depend on
increments in the vertical component of gust velocity over shorter
gradient distances. Following the standard assumption, made in the
airworthiness requirements,38 that the vertical and lateral compo-
nents of turbulence follow the same statistics in the inertial range, it
is shown in Ref. 39 that, when calculated using a monofractal SDG
model (Sec. V.A) that incorporates a k = 1

6 scaling law for velocity
increments, the ratios of these loads are typically smaller than the
ratios calculated by the PSD method (which implicitly uses a k = 1

3
law). Thus, as compared with the results of a PSD analysis, a loads
prediction based on a monofractal SDG model of severe turbulence
with k = 1

6 leads to a redistribution of the magnitudes of predicted
responses to vertical and lateral gusts.39 This in turn would lead to
an associated redistribution of aircraft strength/weight between the
wing and the tail to achieve equal margins of safety in each axis.

To take account of the more extreme, and relatively isolated, at-
mospheric disturbances, the current airworthiness requirements for
aircraft loads38 do incorporate, in addition to the PSD statistical
model, a deterministic tuned-discrete-gust model defined in terms
of a specified family of velocity profiles of one-minus-cosine form in
which an up-ramp, whose amplitude is proportional to gradient dis-
tance to the power 1

6 , is followed, with zero spacing, by a down-ramp
of equal amplitude and gradient distance. This use of a one-sixth
scaling law to represent fluctuations of high intensity is compatible
with the measured statistics of turbulence-velocity increments pre-
sented in this paper (Sec. IV). The deterministic tuned-discrete-gust
model in the airworthiness requirements may thus be interpreted
statistically as a particular implementation of the monofractal SDG
model described in Sec. V, corresponding to a fixed, and relatively
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large, value of the moment-order parameter p (albeit having as ele-
mentary components coupled pairs of up–down ramps, rather than
single isolated ramps).

VII. Conclusions
This paper has presented an analysis of atmospheric turbulence in

the inertial range, at scales relevant to aircraft response, using data
obtained from flights at low altitudes by a specially-instrumented
aircraft. Non-Gaussian statistical properties of the measured turbu-
lence have been demonstrated, using a new method of data analysis
based on the scaling of probability distributions, and the results
shown to be consistent with those from previous experiments, made
at smaller scales, and with current theoretical understanding of the
structure of inertial-range turbulence.7 It has been demonstrated how
the results have direct implications for aircraft loads prediction.

The non-Gaussian characteristics have been expressed in terms
of probability distributions of absolute values of two-point veloc-
ity differences, which have been confirmed to have tails of broadly
exponential type (stretched exponentials), where the strength of the
tail increases as scale is reduced. This phenomenon has been quan-
tified in terms of exponents k(p) and D(p), where k defines the
scaling of the amplitude of velocity differences, D is a fractal di-
mension that describes “space-fillingness,” and p is a moment-order
parameter that is a measure of fluctuation intensity. The measured
variations in these exponents with p (Fig. 6) follow a trend familiar
from the results of previous measurements,7 obtained by a different
method of analysis based on the scaling of structure-function expo-
nents, and are broadly consistent with the predictions (Fig. 2) of a
particular theoretical model. Specifically, the measured exponent k
reduces from a value of rather greater than 1

3 at the lowest inten-
sities (smallest values of p) to a value close to 0.2 at the highest
intensities (largest values of p) at which reliable estimates could be
made. It has been concluded that, at the severe-to-extreme inten-
sities that influence aircraft safety, k can with some confidence be
assumed to lie in the extrapolated range 0.2 to 0.1, with the value
of 1

6 being a reasonable compromise. These results are contrasted
in Fig. 6 with the scaling in Kolmogorov’s K41 theory,8 which is
also the scaling implicit in the PSD statistical method of gust-loads
prediction.1−3

It has been demonstrated how the exponents k(p) and D(p) can
be incorporated into a multifractal formulation of the statistical-
discrete-gust (SDG) method for predicting aircraft response, based
on a previous monofractal model.6 By this means it has been possible
to demonstrate the manner in which the non-Gaussian statistics of
inertial-range turbulence, quantified in terms of these exponents, in-
fluence aircraft loads prediction. Differences between the resulting
estimated loads and loads predicted by the statistical method pre-
scribed in the current mandatory requirements,38 the PSD method
which is based on Gaussian statistics, have been identified. Specif-
ically, for aircraft response modes that tune to large gradient dis-
tances, it has been concluded that in comparison with the loads
predicted by the non-Gaussian SDG model of severe-to-extreme
turbulence, loads predicted by the PSD method will tend to be con-
servative. Conversely, loads that depend on response modes that
tune to short gradient distances will tend to be underestimated.

Implications for the effects of non-Gaussian statistics on the rela-
tionships between root-wing-bending loads on aircraft having dif-
fering wing loadings, or lift-curve slopes, and between wing loads
(due to vertical gusts) and tail loads (due to lateral gusts) on the
same aircraft, have been discussed. In the latter case, assuming (as
in the current mandatory requirements38) vertical and lateral gusts
to follow the same statistics, the adoption of a criterion which takes
account of the demonstrated non-Gaussian scaling of velocity in-
crements could lead to a redistribution of weight/strength between
the wing and the tail in order to achieve balanced safety margins
with respect to vertical and lateral gusts.

VIII. Appendix: Parametric Form
for Excess Rate

Under the assumption that, over limited ranges of amplitude
X , the measured number, per unit distance y, of local extrema in

�u(y, L) having magnitude greater than X , can be approximated
by the exponential form

n(X) = a exp(−X/b) (A1)

where a and b are functions of L , the associated probability den-
sity of local extrema is proportional to −n′(X) = (a/b) exp(−X/b).
Thus, in the terminology of Eq. (8), f (X) = A·exp(−X/b), where A
is a normalizing constant. Application of Eq. (8) thus gives X p = pb,
and substitution into Eq. (9) gives n(X p) = a exp(−p). Replacing
X p simply by X gives Eqs. (10) and (11).
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